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Estimating model parameters by chaos synchronization
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Using chaos synchronization and a proposed iterative method of parameter adaption, we precisely estimate
the model parameters of chaotic systems and synchronize two chaotic systems with originally mismatching
model parameters. This parameter adaption method can be applied to a spatiotemporal chaotic system with a
one-way-coupled map lattice. As a biomedical application, this method is capable of estimating the asymmetric
tension parameter of a vocal fold model.
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Chaos synchronization has recently become subject o
tensive study@1–5# and it has been applied to speech co
munication@6,7#. Despite the sensitivity of chaotic system
to initial conditions, two chaotic systems, when appropriat
coupled, can be synchronized, opening up a new are
research. In practical applications of chaos synchronizat
parameter mismatches inevitably exist, and these mismat
have been found to play an important role in the degrada
of synchronization@1,3,8#. Thus, synchronizing two chaoti
systems with originally mismatching parameters becom
significant. On the other hand, global and local techniq
@9,10# have been used in recent years to reconstruct m
parameters of chaotic systems from a time series@11#. Inevi-
table prediction errors decrease the applicability of these
proximation methods to high-dimensional systems, parti
larly spatiotemporal chaotic systems. Chaos synchroniza
has provided researchers with techniques to synchro
high-dimensional systems, and it could be a promis
method for precisely estimating model parameters@12–16#.

In this paper, based on chaos synchronization, we prop
an iterative method of parameter adaption to estimate m
parameters. Adaptive parameter control can be determ
by using a parameter difference map. The stable zero s
tion of this map demonstrates that two chaotic systems w
an original parameter mismatch are finally synchronized,
their model parameters converge to the same results. We
used this parameter adaption method to estimate the m
parameters of a spatiotemporal chaotic system with a o
way-coupled open map lattice~OCOML! and to synchronize
spatiotemporal chaotic systems. One application of
method to biomedical systems is to estimate asymmetric
sion parameters in a biomechanical model of vocal folds

To study chaos synchronization and adaptive param
control, we consider unidirectionally coupled systems,
ting the drive system be

ẋ5F~p,x,s!, xPRm, p5$p1 ,p2 , . . . ,pM%T ~1!

with the driving function beings5h(x) @2#. The response
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system with the same model equation but different mo
parameters can be described as

ẏ5F~ p̃,y,s!, yPRm, p̃5$ p̃1 ,p̃2 , . . . ,p̃M%T. ~2!

For smalle5y2x, the difference dynamics has the Tayl
expansion:

ė5Fy~ p̃,y,s!e1(
i 51

M

Fp̃i
~ p̃i ,y,s!Dpi

1
1

2 S e
]

]y
1(

i 51

M
]

] p̃i

Dpi D 2

F~ p̃i ,y,s!1•••, ~3!

whereDpi5 p̃i2pi . Whenp5p̃, we consider that, using th
scalar observables(t) constructed by the decomposition in
troduced by Pecora and Carroll@1# or by active-passive de
composition@2#, Eq. ~3! has a stable zero solutiones→0
with t→`. As a result, the two systems are synchronoux
5y. However, whenDpiÞ0, the synchronization error doe
not converge to zero. For significantly small parameter m
matchesuDpi /pi u!1, the linearized Eq.~3! is integrated as

e~ t !5E
0

t

es~ t2t!(
i 51

M

Fp̃i
~ p̃i ,y,s!Dpidt. ~4!

Then, we describe the relationship betweene andDp as

e5BDp, ~5!

where e5$e1 ,e2 , . . . ,em%T and Dp
5$Dp1 ,Dp2 , . . . ,DpM%T. B5$B1 ,B2 , . . . ,BM% is the
function of p̃i , y, s. To obtain Bi , the M additional sub-
systems with parametersp̃( i )5$ p̃1 , . . . ,p̃i1D, . . . ,p̃M%T

are constructed by slightly perturbing the model parame
of the responser@15#. The state difference between thei th
subsystem and the response system ise( i ). Then Bi can be
approximately estimated byB̃i5e( i )/D. Thus, for a time-
evolution vectore( j t) with the time intervalt and lengthN,
Dp can be approximated by using the least-squares
( j 50

N ie( j t)2B̃Dpi25minimum as
©2004 The American Physical Society04-1
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Dp̃5~B̃TB̃!21B̃Te. ~6!

B̃ and Dp̃ are approximations ofB and Dp underD!1
and uDpi /pi u!1. Furthermore, for larger parameter mi
matches, the high-order perturbations in Eq.~3! would pro-
duce the differenceiDBi5iB̃2Bi;d ~when uDpi /pi u!1,
d!1 is satisfied!. Therefore, to approach the model para
eterp of the drive system within a wider range of parame
mismatches, based on Eqs.~5! and ~6!, we here propose an
iterative scheme of parameter adaption: we estimate the
rameter differenceDp̃(k) using Eq.~6!, and then adjust the
response parameters usingp(k11)5p(k)2Dp̃(k) until
Dp̃(k) approaches zero when iterative numberk is signifi-
cantly large. This iteration procedure can be formulated,
its convergence can be determined by the following para
eter difference map:

Dp~k11!5P~k!Dp~k!, k51,2, . . . , ~7!

where Dp(k)5p(k)2p, p(1)5p̃, P(k)
5@B̃T(k)B̃(k)#21B̃T(k)DB(k), and DB(k)5B̃(k)2B(k).
For the bounded@B̃T(k)B̃(k)#21B̃T(k) and small perturba-
tion iDBi;d!1, iPi!1 andiPTi!1 are yielded, and thus
Eq. ~7! has a stable zero solution, that is, lim

k→`
Dpi

2(k)

50 when k is significantly large. Therefore, this iterativ
scheme of parameter adaption is effective when the orig
values of the response parameters are within a certain ra
Otherwise, significantly large parameter mismatches m
lead to an unstable zero solution of Eq.~7!, and thus the
parameter adaption would not work. By using this parame
adaption method, the parametersp(k) of the response system
asymptotically converge top of the drive system, so that tw
chaotic systems with an original parameter mismatch can
finally synchronized. This algorithm is applicable to bo
continuous and discrete time systems. In particular, Eq.~7!
also can be deduced from the feedback method of ch
synchronization@3#, suggesting its general applicability t
chaos synchronization.

To show the iterative process of parameter adaption,
consider the first example using the Lorenz systemẋ
5p1(y2x), ẏ5p2s2y2sz, ż5sy2p3z, and the driving
signals(t)5x. Whenpi5 p̃i , synchronization occurs withx
driving @1#. The original model parameters (p1 ,p2 ,p3) of the
drive and response systems are~10,40,8/3! and~16,45.92,4!,
respectively. In Fig. 1~a!, when parameter adaption is im
posed, the response parameters converge to 10, 40, and
indicating that this technique allows us to estimate exa
the model parameters of the drive system. The time-avera
synchronization errorE5(1/Nt)*0

Ntix2yi2dt decreases to
zero, and two chaotic systems with an original parame
mismatch are finally synchronous@see Fig. 1~b!, where t
50.01, N5104, andD51024]. The iterative method of pa
rameter adaption works even for a large original param
mismatch, demonstrating its robustness~see Fig. 2, where
p25 p̃2540). Once the parameter estimation has be
achieved, synchronization is robust to external perturbati
03620
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@1,16#. When the original values ofp̃1 and p̃3 are chosen in
the black region I of Fig. 2, the influences of high-ord
perturbation terms in Eq.~3! are small, and thus, Eq.~7! has
a stable zero solution. The final results ofp̃1 andp̃3 converge
to 10 and 8/3, respectively, and synchronization is achiev
However, when the original values ofp̃1 and p̃3 are out of
this region~see the white region II!, the large parameter an
state differences lead to an unstable zero solution of Eq.~7!.
Thus, in region II, the parameters of the response sys
cannot converge to those of the drive system and synchr
zation is impossible.

Parlitz @12# proposed an autosynchronization method
estimate model parameters of the Lorenz system, in which
ansatz for the parameter control loop is required. When
system is very complicated, predefining the smooth cont
ling forces and the parameter control loop may be com

FIG. 1. ~a! The convergence of the response model parame

( p̃1 ,p̃2 ,p̃3) to ~10,40,8/3!. ~b! The time-averaged synchronizatio
error, wheret50.01, N5104, andD51024.

FIG. 2. The dependence of the parameter estimation result

the original values ofp̃1 and p̃3, wherep25 p̃2540. In the black

region I, p̃1 and p̃3 converge to 10 and 8/3, respectively.
4-2
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cated tasks. However, our adaption method does not req
any predefined control loop. By iterating the parameter d
ference map, the adaptive parameter control is dynamic
achieved. The robustness of this method allows us to e
mate model parameters of very complex systems. In the
ond example, we show that this method can be applied
estimate the model parameters of a spatiotemporal cha
system. Although, there are some other attempts, suc
adaptive control@13# and random optimization@14#, for es-
timating model parameters using chaos synchronization.
applicability of these methods to spatiotemporal chaotic s
tems has not yet been examined.

The coupled map lattice model is used because of its w
variety of novel and complex spatiotemporal behaviors,
cluding spatiotemporal chaos@4,17#. The drive OCOML sys-
tem with lengthL is represented as

x1~n11!5 f „x1~n!,m…, g~n!52e f „x1~n!,m…,

xi~n11!5~12e! f „xi~n!,m…1e f „xi 21~n!,m…, ~8!

and we let the response system be

y1~n11!5~122e8! f „y1~n!,m8…1g~n!,

yi~n11!5~12e8! f „yi~n!,m8…1e8 f „yi 21~n!,m8…, ~9!

where the subscripti 51,2, . . . ,L denotes the lattice site in
dex, andn is the time index.e and e8 are the coupling
constants.m andm8 are the nonlinear parameters of the no
linear functionf (x). For m5m8 ande5e8, the decomposi-
tion given byg(n)52e f „x1(n),m… leads to the synchroniza
tion condition u(122e) f x1

u!1 and u(12e) f xi
u!1 @6#. By

letting L5100, f (x)512mx2, m51.9, and e50.4, we
show the spatiotemporal chaotic pattern of the dr
OCOML system in the top curve of Fig. 3. A different sp
tiotemporal pattern of the response system withm851.8 and
e850.3 is shown in the middle curve of Fig. 3. When p
rameter adaption withD51024 and N5104 is applied, the
response parameters converge tom851.9 ande850.4. The
spatiotemporal chaotic pattern of the drive system is rec
structed in the response system without error~see the bottom
curve of Fig. 3!. Parameter estimation and spatiotempo
chaos synchronization are achieved even when the orig
values of the response parameters are chosen liberally w
a certain range. Figure 4 shows the effects of the orig
values ofm8 ande8 on parameter adaption. When the orig
nal values ofm8 and e8 are within the black region I, thei
asymptotic results go tom51.9 ande50.4, and synchroni-
zation is achieved. Therefore, this method of parameter a
tion allows us to estimate model parameters of a spatiot
poral chaotic system. However, within the white region
Eq. ~7! has an unstable zero solution, and thus the respo
parameters do not converge to the drive parameters and
synchronization of spatiotemporal chaos cannot be achie

In the third example, we investigate a biomedical app
cation of this parameter adaption method to a vocal f
system. Vocal fold model plays an important role in studyi
voice physiology. Estimation of model parameters is a cli
cally significant but difficult task. Trevisanet al. @18# applied
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a genetic algorithm to extract the parameters of one-m
vocal fold model. However, one-mass model is an overs
plification of the vocal fold dynamics since two or mo
modes are needed to capture vocal fold vibration@19#. In
particular, whether the method by Trevisanet al. is capable
for chaotic model of vocal folds had not been determined.
study chaotic vibrations of vocal folds, we applied a tw
mass model proposed by Steinecke and Herzel@20#. The
systematic diagram is illustrated in Fig. 5. This two-ma
model of vocal folds combines nonlinear biomechanical a
aerodynamic effects. Asymmetric tension parameterQ repre-

FIG. 3. The spatiotemporal chaos in the drive system withm
51.9 ande50.4 ~top!, the response system with the original p
rametersm851.8 ande850.3 ~middle!, and the response system
with the estimated parametersm851.9 ande850.4 ~bottom!. Pixels
are black whenxi(n)>0.75 and otherwise white@4#.

FIG. 4. The dependence of the parameter estimation result
the original values ofm8 ande8. In the black region I, the applied
parameter adaption leads to the convergence ofm8 and e8 to 1.9
and 0.4, respectively.
4-3
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sents an important parameter for assessing voice disor
resulting from vocal fold paralyses. When the asymme
tension parameterQ deviates from the normal value 1, cha
associated with disordered voice in patients with laryng
paralysis may occur. Although the clinical importance of t
asymmetric tension parameter, previous study based on
ear approximation cannot accurately measureQ in chaotic
models @21,22#. Here we apply chaos synchronization a
the parameter adaption method to estimate asymmetric
sion parameterQ of the two-mass model whose dynami
satisfies@20#

miaẍia1r iaẋia1kiaxia1Q~2ai !cia

ai

2l
1kca~xia2xj a!

5Pi ldi , ~10!

where the pressures are

P15PsF12Q~amin!S amin

a1
D 2GQ~a1!,

P250.

The function

Q~x!5H tanh~50x/x0!, x.0

0, x<0

describes the vocal fold collision. The minimal glottal area
amin5min(a1l ,a2l)1min(a1r ,a2r), and ai5a0i1 l (xil 1xir )
5ail 1air describes the lower and upper glottal area,xia is
the oscillation amplitude. The indicesi , j 51,2 denote the
upper and lower masses.a5 l ,r denotes left and right voca
folds. mia , r ia , kia , kca , andcia denote masses, dampin
ratio, stiffness, coupling stiffness, and additional stiffne
respectively.Q describing the tension imbalance in unilate
superior nerve paralysis satisfiesmir 5mil /Q, kir 5Qkil ,
kcr5Qkcl , andcir 5Qcil . WhenQ50.529, a chaotic vibra-
tion is produced for the standard parameter configura
@20#: m1l50.125, m1r5m1l /Q, m2l50.025, m2r5m2l /Q,

FIG. 5. The schematic diagram of the vocal fold model.
03620
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r 1l5r 1r5r 2l5r 2r50.02, k1l50.08, k1r5Qk1l , k2l
50.008, k2r5Qk2l , c1l53k1l , c2l53k2l , c1r5Qc1l , c2r
5Qc2l , kcl50.025, kcr5Qkcl , d150.25, d250.05, a01
5a0250.05, l 51.4, andPs50.015. Applying the method
suggested by Henon@23# to the vocal fold model@24#, a
Poincare section forx1l50 shows a chaotic attractor in Fig
6~a!. To measureQ, a feedback method of chaos synchron
zation @3# is applied to the response system,

mia8 ÿia1r iaẏia1kia8 yia1Q~2ai !cia8
ai

2l
1kca8 ~yia2yj a!

5Pi ldi1K~xia2yia!1K~ ẋia2 ẏia!, ~11!

whereK55 is the feedback coefficient,mil8 5mil , kil8 5kil ,
kcl8 5kcl , cil8 5cil , mir8 5mil /Q(k), kir8 5Q(k)kil , kcr8
5Q(k)kcl , and cir8 5Q(k)cil . The iterative method of pa
rameter adaption is applied to control the parametersQ(k),
mia8 , kia8 , kca8 , cia8 of the response system. With an increa
of k, Fig. 6~b! shows the convergent results ofQ(k) of the
response system. Here, although the response system’sQ(k)
begins from two different original values@Q(0)50.3 and 1#,
the asymptotical values ofQ(k) converge to the true value
0.529. When Q~0! is within the region 0.29<Q(0)<3.1, the
asymmetric parameter value 0.529 of the drive vocal f
model can be precisely estimated. Therefore, applying ch
synchronization and this parameter adaption method mak
practical to calculate asymmetric tension parameters i
chaotic vocal fold model.

In this paper, we have proposed an iterative scheme
parameter adaptions based on chaos synchronization. W
parameter adaptions are used, two chaotic systems wit
original parameter mismatch are finally synchronized a
their model parameters converge to the same results.
parameter adaption method has a potential application in
coding chaotic secure communication. Previous works h
suggested that by using chaos synchronization, informa
signals can be recovered in a response system that ha
same keys or model parameters as a drive system, but ca
be decoded by a decoder with different keys@1–6#. How-

FIG. 6. ~a! The chaotic attractor of the vocal fold model in th
Poincare section forx1l50. ~b! The convergence of the asymmetr
tension parameterQ(k) from two original values 0.3 and 1 to
0.529.
4-4
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ever, using the parameter adaption method in chaotic c
munication, the decoder may decode the message as w
the keys of the encoder without exactly knowing the mo
parameters. A spatiotemporal chaotic system may not g
antee that its model parameters can avoid being decode

Global and local techniques@9,10# have been used to re
construct model parameters of chaotic systems@11#. A local
method in spatial extended systems has been used to pr
a spatiotemporal time series@25#. However, this method in-
volves numerous calculations, and in particular, the mo
parameters of spatiotemporal chaotic systems have not
estimated. We have applied a simple method to estimate
model parameters of a spatiotemporal chaotic OCOML s
v.

a
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tem and synchronize two spatiotemporal chaotic systems
nally, we have presented a biomedical application exampl
vocal folds. We are able to estimate the asymmetric tens
parameter associated with unilateral superior nerve paraly
In biomedical systems, a model equation can usually
specified, but direct measures of system parameters are
ficult. Chaos synchronization and parameter adaptions m
be valuable new methods that can be used to estimate
known parameter values in biomedical systems.
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